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SUMMARY

A satisfactory mathematical description of gas-liquid partition capillary
chromatography is desirable for design and optimization of separation processes,
as weli as for determination of physical properties. A mathematical model is presented
that includes the effecis of mass transport in the mobile and stationary phases, as-
sumes equilibrium at the gas-liquid interface, and accounts for axial dispersion of
solute. Interphase mass transfer is included, and is found to be a significant contribu-
tion to band-spreading. To account for the effect of coiling on axial dispersion, an
empirical coefficient @ is introduced in the expression for the effective axial dispersion
coefiicient, since a complete theory for this phenomenon does not exist. Attempts to
correlate experimental @ values with molecular weight of solutes, kinematic viscosity
of carrier gases, film thickness, and temperature are described. A criterion is establish-
ed for the improvement in resolution due to coiling.

INTRODUCI'ION

Separation in gas—hquxd partition capillary chromatography occurs because
of different solubilities of different gaseous solutes in the liquid layer coating the
inside of the column. The separation is hindered by mass transfer phenomcna, in-
cluding diffusion within the liquid layer, mass transfer resistance between gas and
liquid phases, and longitudinal (axial) dispersion in the mobile gas phase. These
processes cause band-spreading and may cause output peaks to overlap, reducing
separation resolution. Capillary columns are usually very long and are therefore
coiled. This coiling has a significant effect on axial dispersion, as we will show, and
thus can strongly influence the resolving power of capillary columns.

The Golay® model of capillary chromatography includes axial dispersion but
ignores the effect of coiling. Golay also treated the interphase mass transfer re-
sistance in an approximate maoner and approximated radial diffusion in: the liquid
film with a rectangular film model. Aris® extended the Golay model by accounting

* To whom correspondence should be addressgd.
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for possxble non-ethbnum at the aas—hquzd mterface and by mcludmg iongltudmal

- diffusion in the liquid film. This latter effect is simply of the order of the liguid-phase
diffusion coefficient and is negligible compared with the gas-phase diffusion. Khap®
also attempted to account for interfacial non-equilibrium at the gas-liquid interface;
but based on the pertinent discussions®=S, we conclude that it wﬂl be entxrely negligible
in typical capillary chromatography.

) Subramanian® studied capﬂlary chromatography usmo ihe method developed,
with Gill’. A special term, which is essentially unrelated to the conventional mass
-transfer coefficient k,, came out of the theory to describe interphase transfer of solute.
The theory did not include ihe effect of coiling, nor dlfoSlOIi in the hqmd and was
not compared with experimental data.

Hazeldean and Scott* have considered the possibility that adsorption at the
liquid-solid interface can contribute to band-spreading. They performed eéxperiments
with columns stripped of the liquid layer, and found adsorption sufficiently strong

-to cause asymmetric output peaks. For the experimental data®~® considered herein,
output peaks were symmetric and showed no indication of adsorption. Therefore, in
the present theory we ignore adsorption at the liquid-solid and at the gas-liquid
interfaces.

A number of investigators have studxed the effect of coiling on axxal dispersion
in uncoated -tubes'~15, Giddings'® asserts that even a single 90° bend can destroy
resolution in packed columns. Tijssen'’-'® is apparently alone in examining how
coiling might affect axial dispersion in coated capillary tubes. His theory predicts that
secondary flows produced by coiling can have either a positive or negative effect on
resolution, depending on the (assumed) shape of the velocity profile of the mobile
phase and the ratio of column diameter to helix diamcter. Tijssen and Wiitebrood’s
theory®® is based on assumed velocity profiles and was not compared with experimental
data, '

The objective of the present work is to attempt to detérmine quantitatively the
influence of the approximations mentioned above. Accordingly, we present an im-
proved model for capillary chromatography which includes accurate estimates for
interphase mass transfer coefficients, liquid diffusion in the cylindrical film, and the
effect of coiling on axial dispersion. Qur treatment of the coiling effect is semi-
empirical. We have compared our model with available experimental data in the liter-
ature. We find that interphase mass transfer resistance is not negligible, but, in fact,

- can be a major contribution for columns with thicker liguid films. We find that the

rectangular-coordinate represeniation of radial liguid-phase diffusion is accurate. An
important correction to the Golay! theory is found to be the coiling effect. We discuss
how coiling influences resolution and optimization in capillary chromatography. We
follow the general method used by Carbonell and McCoy* in their study of resolution
and optim_ization,in adsorption chromatography and gel permeation chromatography.

THEORY

Other models‘“3 S22 of cap:ﬂary chtomatography begm with the pomt, dif-
ferential mass balance equation for concentration in the mobile phase, C(¢,r,z), and
average the equation over the tube cross-section to obtain an equanon for the area-
averaged concentration, ¢(¢,z). This approach yields an expression for the axial dis-
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persion coefficient By, Our procedure is to begin with the equation for ¢(¢,z), and adopt
an expression for D, that includes all the effects studied by Golay!, in addition to an
‘empirical parameter to -account for the coiling effect. Accordingly, we write

ac dec 2 & .
! v-——+Tkg(C“—C:)—Do 3.2 =0 _ ()

- TR

where we have written the driving force for interphase mass transfer as (¢ — ¢;) in-
stead of the more usual difference between bulk-average concentration and surface
concentration®. This approximation will be satisfactory when the rate of mass transfer
to the liguid is small, resulting in small radial gradients in concentration.

Eqn. 1 is coupled to the mass balance for the solute in the stationary (liquid)
phase, , : '

dey, 1 @ ( aC;_)

8  “rrer\ er

@

where we have ignored longitudinal molecular diffusion®. The initial conditions for
egns. 1 and 2 are

c(z,t=0)=0 ' B 3)
cfr,t=0)=0 @
The boundary conditions for the z coordinate are |
e(z =0, 1) = coft) 3
c(z—>o00,2) =0 . ©)
When instantaneous equilibrinm at the surface is assumed to be established, we have
c(R’) = Ke, M
where K is the partition coefficient of solute in liquid, i.e., the Henry’s law equilibrium

constant at the gas-liquid interface. Continnity of flux at the interface serves as a
boundary condition that couples eqns. I and 2,

de
2— (r=R) : (8)

kg(c—cs)= —DL

Finally, since there is no flux through the column wall,

ac L.
or

r=R)=0 &)

' quay‘ and Aris? used the boundary condition

" Bey,
or

] : '
D, %;(r:ﬁ') = Dy (r=R) (10}
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'mstead of eqn 8 They then evalaated the gradlent of C at F _,‘R’ usmg an approx-?
imate solution for the eoncentrat:on*pmﬁ;e in the gas phase. Our approach allows -
us to use mass- transfer coefficients k, obtained from exact’ solutions, and at the same
“time express the flux of solute to the wall as a linear function of the area averaged con- -
centration. This is part:icularly convement when the moments of eqn 1 thh respect

- to time are to be caiculated. ,

In his theoretical treatment of coataed capzllary columns thhout co;lmg, Go!ay

made approximatious similar to those made by Taylor?! and derived an expression
for the eﬁ‘ectxve axxal dispersion coeﬁicxent Ans generahzed Golay s result and ob- -
tained, : . .

R

%ﬁ%+7fé S _»" e ’ﬂD
where , |
T = (11— 168 + 6R2)48 o '. W
in termg of o 7 ' ' ‘ '
R=yl+K@®RY -] . ey

Fer. very thin liquid films , _ - . S 7
‘wa/(1+1<4) , . - (14)

. and therefdre, | |

£~ (44 6K+ LIK45(1 + K '} o o Cas

which is the. expressxon derived by Golay oL ’

As for coated coiled tubes Tijssen and Witiebrood?® pomted out that £is very
_sensitive to the exact shape of the velocity profile. Recogmzmg that secondary flows -
induced by a coiled tube will alter the velocity profile, they calculated values of .Zfor
different assumed profiles v(r). Tijssen and Wittebrood’s'® treatment of mterphase
n.ass transfer is like Golay’s’. Thus the essential difference in. lessen s theory as
compared with the Golay theory! is the attempt to ‘include the coiling eﬁ'ect For €x-
ample for a linéar profile Tijssen and V&/’lt.‘_ebroodm found S '

- %’~(44-11K" 17 ")/80(1—;—1(’)2 E N (OR
Takxng the ratlo of eqn: 16 to eqn. 15 we have an expresszon wh.ch provndesr -

‘.a measure of the coiling effect:

48 4—'—- IIK’—;—17K') ,

g?,—é'é( I-T-GK’—;—IIK’Z

Aa K’ varies from Oto oo, & varies from .:..4 to 0. 93 Pbyszcal values of K’ may range
from 10‘-’ to 20 Therefore, tI:us model predlcts axial dlsperslon Wlﬂ mcrease m coﬂed e

) ;,_, i

" tm :
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tubes with absorption in the thin liquid film, unless K’ is greater than 1.75. We em-
. phasize that Tijssen and Wittebrood’s'® theory is based on an arbitrary velocity
_profile, and predicted trends were not compared with experimental data in that work. .
o ‘Because the gas flow-rate is very low in capillary chromatography, the de-
’patture from a Poiseuilie profile should be small. Thus, the present approach is to
" adopt the form of Golay’s expression for £ and substitute an empmcal coefiicient
for 48 in eqn. 12, The proposed expression is

£=(Q11 — 168 + 6R?)|@. . . : (18)

whege @& accounts for the coiling effect. on axial dispersion. In a straight tube @ is
equal to 48. Values of @ determined empirically will enable us to make certain gener-
~ alizations concerning the dependence of @ on system parameters.

It is impossible to solve analytically the system of differential equations 1-9.
However, chromatographic peaks can be characterized by normalized absolute and
central moments. The moments are related to limits of derivatives of the Laplace-
transformed concentration,

d"é(z,s)

s-+0 ds” Tdst

n(Z) = (—1)"lim n=0,1.2,... , (19)
where

my2) = [ c(ze)"dse _ : . (20)
0
Since the zero moment h, is a constant, we normalize the absolute moments as

2d2) = mA2)[m,, i=1,2, ... ' (2DhH
The normalized second central moment is '
£2x(2) = p2(2) — [P v (22)

, In the Appendlx we show details in the denvatxon of the moment expressmns
which are

22 = uy(0) + i ’ | (23)
where

=1+ 25 a4 mim)iv | | 24)
and - _ ,
- #2(2) =@+ 20y S @5)
A]whete |

respiy o e
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with . e
x=p% e
oo~1+ (1 +RIR) | SURTI .4(2'3),
and ‘ |

= —%{.—(1 4+ RIR) &7 | , L (29)

where < is given by eqn. A-18 of the Appendix.
The second moment, a measure of banduspreadmg, leads to a deﬁmﬂon of

height ﬂqmvalent to a theoretical plate,

H = LD/ L) — p(O)F - Go)

Substituting eqns. 23 and 25 into 30, one finds

0 |, 2D,
H= ”2(%” = +F ' (31)

Substltutmg eqn. 29 for y and the expression for D, as a function of v, eqn. 11 with
18, one can express H in the form of the well-known equation:

H=A+ B/v+ Cv (32)
where

A = pOW L3 = ( ) / 12262 - 33

B=2D, ' (34

C=C,+C+C (33

C,= é:z (11 — 16R 4 6R?) | (36)

C, = 2K2<§§(§32 Ry | (37
and

C, ~ 2_- K ; & for /R < 1 (see Appendix, eqn. A-22) (38)

SATKY D; v OPE |

: EQn. 32 may be directly compared with aﬂ»equation of the same form derived
by Golay’. We find that Golay’s theory omits the A term, which is negligible when
the sample volume S is very small; the usual case in capillary chromatography. The
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B term is identical in the two theories. Our C, term contains @, which is equal to 48

"in Golay’s theory. The C; term is absent in Golay’s model, a result of his technigue
for evaluating the flux of solute to the capillary wall. Our C, term, egn. A-22, is
-exact for cylindrical films; for 6/R < 1 we obtain eqn. 38, identical to Golay’s rec-
tangular-coordinate treatment of the liquid-phase diffusion.

DISCUSSION

The experimental data used in this work are from Desty and Goldup®, Hazel-
dean and Scott®, and Halasz and Horvath'®. They experimentally studied the relation-
ships between the plate height and velocity in great detail. The output peaks obtained
in these experiments were sharp and sufficiently close to Gaussian that first and sec-
ond moments adequately describe their position and shape. Desty and Goldup® stated
that coiled glass capillary columns were employed. Hazeldean and Scott® did not
mention whether their nylon tubing was coiled, but in their later work* they stated
that the nylon capillary was wound on to a brass cylinder.

Because of secondary flows, mass transfer at the surface of coiled tubes is
enhanced compared with mass transfer in straight tubes??. To determine whether this
enhancement is significant in the present capillary columns, we estimated the coil to
tube diameter ratio to be 100 and the velocity to have an upper limit of 100 cm/sec.
With the values of physical parameters appropriate to the experiments, we find the
Schimiidt number to be less than 4. Therefore, the average mass transfer Nusselt
number is very nearly the same as for a straight tube??. Accordingly, we express the
mass iransfer coefiicient for the very long capillary columns as

k, = 3.6571D,/d . 39

The experimental papers®'® used the Gilliland> correlation to estimate gas
diffusion coefficients, D,. By means of the more accurate Chapman—Enskog formula®*
we have re-evaluated D, in this work. The difference between the two formulae for
D, varies from 1 to 209, and helps somewhat in bringing theory into accord with ex-
periment at the lower velocities.

. Values of @ were determined empirically so that eqn. 32 had the same slope
at higher velocities as did the experimental plots of H vs. v. The resnlts for n-propane
through n-nonane are shown in Table I. We found O to range from 0.7 to 197, which
encompasses the range of 20 to 52 determined from Tijssen and Wittebrood’s'® ap-
proximate theory, egn. 16.

Typical plots of H vs. v are shown in Figs. 1-4. These figures are representative
of the rzsults obtained with the n-alkanes and the values of @ shown in Table I. The
worst agreement obtained between model and experiment for any of the n-alkanes is
shown in Figs. 1 and 3. Fig. 2 shows an agreement typical of most comparisons
made with experiment. Fig. 4 shows a case where the agreement is very good, but not
the best obtained. For all the data Golay’s! theory decidedly underestimated H in
the higher velocity range, where interphase mass transfer and the coiling effect on axial
dispersion are important. The ranges of C,, Cy, and C, are 2.0-107* to 3.5-1073 sec,
2.0-107% to 1.2-1073sec, and 6.0-1077 to 2.2-1073 sec, respectively. Since C; in-
creases as &%, eqn. 37, for the columns with thicker liquid films the increased inter-
phase mass transfer can be the major contribution to C. Numerical results showed
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- ITABLEI ST T S s T

:VALUES OF 9 CALCULATED FROM EXPERIME\ITAL DATA FOR r-ALKANES
- Carrier . .. Temperature Column C_-, L Cy G G G G G Ref
gas’ (°C) o . : Telov e e
Nitrogen =~ 25~ 1 ' . 827 914 100 172 . 8
Nitrogen 25 2 5.28 - 6.08 9.00 16.5 325 8 .
‘Nitrogen - 25 3 381 770 142 328 8
 Nitrogen - 25 4 450 = 350 370 709 -8
Mitrogen 25 - 5 2.50 513 - 6.65 9.24 - 8 -
Witrogen - 25 -6 1155 1257 7102 © 145 -8
Nitrogen 50 2 156 - 120 178 255 - 357 8
Nitrogen 75 2 90 95 200 " 33951 8
Hydrogen . 25° 2 230 143 S . .8
Hydrogen 80 C 0.7 1.5 10
Hydrogen 80 -D 2.8 4.5 10
Argon 25 2 7.0 , R : 8
rgon 21 7 374 80.0 88.2 197.0 9
Argon 21 8 o 275 9
Argon 21 9 25.6 9
e i — T - T
i : Cq
t eveesee tine Throwgh Experimantal : I :
12 i Data o~ 4 ]
{ ~ =~ — Golay's Modzl -
l Presant Modal .
‘ .
10 i~ \
s °F
“é:-
= 5
A o
2 &
e L SRERIU S i N | B
0 2 LT s 16

v emisec.

Fig. 1. Comparison of the relatxon H vs. v for this model and Golay S model wnth expnnmental data:
n-alkanas eIuted by hydrogen. at _.5" from column 2 of refl 8. » .

that f.he dxﬁ'erence between the cyhndncal— and rectangular—coordmate treatments of
C,, eqns. A—21 and 38, was negligible for these films.. -

. To ﬁnd the dependence of @ on the molecular we-ght of '.he soiutes the values .
of. leg 9 were plotted acamst the values of loe molecu_a.r welght of solute- As Fxg. 3
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Fig. 2. Comparison of the relation H vs. v for this model and Golay’s model with experimental data:
n-alkanes eluted by nitrogen at 25° from column 2 of ref, 8.

‘

14 (q 3 ) 1
oo essse Ling Through Experiments) “
12 - Datz ~
—- - Golay's Model i 07
Present Model -~
LI = 7
= 8 N
S
tﬁl-,
=
= s B
g L aang
2 b -
') I 1 i 1
] 10 26 30 40 59

¥, cmises

A Fig. 3. Compgrisbn of the relation H vs. v for this model and Golay's model with experimental data:
" n-zlkanes eluted by nitrogen at 25° from column 1 of ref. 8.
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. Kﬂ_.ECUb\R ©EigHT OF SOLUTE
Fig. 5. Log-log plot of B vs. mo!ecular weight of so]ute for expenments of ref. o wzth argon as carrier

shows, for example a set of Imes wu_h slope equal to 3 Ois obta_med. Tb_us, 9 is pmpor— '

tional to the third power of solute molecular weight.

The log—loa plot of 9 vs. kmematzc vxscoaty? of cé;ﬁer gas is shown in, Fzg 6.~,
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Fig. 6. Log-log plot of © vs. Kinematic viscosity of carrier gas for experiments of ref. 8 with column 2.

We corclude that @ is inversely proportional to the 4/5 power of kinematic viscosity
of carrier gas. .

. Plots of @ vs. film thickness or temperature are less definitive, but optimum
conditions which maximize @ and thereby minimize axial dispersion appear to exist.
There are presently insufficient data for finding the dependence of @ on the radius,
radius of the helix into which the column is wound, film thickness, and physical prop-
erties of the stationary phase.

RESOLUTION AND OPTIMIZATION

The extent of separation of two Gaussian peaks for solutes A and B may be
quantlﬁed by defining the resolution’®,

‘B H18 — Uia :
Ri=-—5—F1 7+ (40)
3t M3, ' »

In practical work it is often desirable to estimate the required column length for the
separation of a given solute pair. By substituting the expressions for moments, eqgns.
.23 and 25, into eqn. 40, and squaring the resulting equation twice, one can solve for
,the column fength,

L='2v (‘i‘

)y {F,, + Tt [4 1 et ;zzcb) 71} | @1

where a =04, — 6QB In obtalmng eqn. 41, the mput pulse is assumed to be a homo-
_ geneous mlxture which satisfies.

;;zum), =;z,a(0) = 12,(0) | ' , (42)
and o , . : » -
Fz.-!(g) - p225(0) = ;ez(m L 43)
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If 11,(0) is negligible, wefind .o o

::'L‘ ‘=72v (%)‘2 [1:;¢1’;]2 | 3 - .' f4’4)

so. that gesolunon increases as the square root of coiumn length, in agreement with
other analyses®®.
The n—pentane and ﬂ-hexane data of D%ty and Goldup and I—‘azeldean and
- Scott? are used to evaluate the column length by eqn. 43 for values of R, from 1.0 to
4.0. Plots of L vs. v are shown in Figs. 7 and 8 for the coiled tube and for the straight
tube, where @ = 48, The lecgth of the column i mcreases with increasing resolution,
and the optimum velocity is independent of the desired resolution. In the coiled tube
the optimum velocity is 8.0 cm/sec for the Desty and Goldup® data and 9.5 cm/sec for
the Hazeldean and Scott® data. As for the straight tube, the optimum velocity shifts
to 11 cm/sec and 9.0 cmysec, respectively. The results confirm that coiling a column
may have an improving or worsening effect, dependmg on operatmg conditions and
properties of the column.
A criterion can be established for determmmo when conlmg is beneﬁcml or
detrimental. By substituting eqn. 25 into 40 one finds an equation for L in terms of

20 ] T T T

Coiled - Tote

———— Shaight Tute

L, em

=T oo ———g——190

B B | J R P

A w/s&c

an 7. Eﬁ'ect of ve!ocxty and resolutxon on column Iength for zz—peﬂta.n‘a and rz-hexane =eparatxon
‘data are from ref. 8 for mtrogen carrier gas. o . o
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¥, CR/sec

Fig. 8. Effect of velocity and resolution on column length for n-pentane and n-hexane separation:
data are from ref. 9 for argon carrier gas.

v. The same equation for the length of a straight column, L', is written by replacing
@, and @, by 48. The two equations for L are subtracted to give

o, R.\2 C
L—r=2(=2) v[@+ B8P — (@ + 8] (45)
where
(11 — 16R, + 6R%)R* 654 |
0D, T “e)
and -
11 — 16B; L 6RHR2 42 :
B — ( B T B) aB + yg (4‘7)

GSDQE

_ The quantity «' is the same as eqn. 46 except @, is replaced by 48; B’ is the same as
eqn. 47 except @B is replaced by 48. One can express the coiling criterion as :

L [>0forL>L’ .
(e« -’--43)2 — ﬂ)’i : (48)
: - [ (Ofor L L : ,
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, It is not dlﬁicult to follow the earher work of Carbonell and 1\/&:{'}03,'lg to anal-;
“yse the economic optimization of capillary chromatography. One expresses the net
income as the difference between the product income and the coatmg replaament and
pumping costs. Plots of net income vs. operating velocity show maxima for different:
values of resolution R,. The optlmmn velocxty decreases with i increasing resolution.
_ An increase ‘or decrease in the maximum income for a coiled tube depends on the
values of @, which vary with film thickness, temperature, molecula.r weight of solute
and other properties of the system.
A more detailed presentatlon of the matters dlscussed in ﬂus papet may be
found in ref. 25. ‘ .

CONCLUSIONS

Interphase mass transfer resistance and column coiling are likely to contribute
sxgmﬁcantly to the-calculation of the height of a theoretical plate in capillary chro-
matographic columns. Empirical values of the axial dispersion coiling coefiicient @
fall in the range of the theoretical values predicted by Tijssen and Wittebrood!® for
a linear velocity profile. Coiling can cither improve or impair the resolution obtained
between two components in a straight capillary chromatographic column, according
to the criterion expressed in eqn. 48. Although large scale preparative capillary chro-
matography may presently be economically impracticable, an understanding of the
transport phenomena in such systems will be helpful to develop more accurate theories
of other chromatographic processes.

LIST OF SYMBOLS

A and B = Subscnpts denoting chemical species

A = Term defined by egns. 32 and 33 (cm) -
K4 = Term defined by eqn. A-18
a = g4 — B0z
B = Term defined by eqns. 32 and 34 (cm?/sec)
C(z,r,z) = Concentration of solute (g/cm3)
C = Term defined by eqgns. 32 and 35 (sec)
C, = Term defined by eqns. 35 and 36 (sec)
C; = Term defined by eqns. 35 and 37 (sec)
Ce - = Term defined by eqns. 35 and A-22 (sec)
c(t.z) = Concentration of solute, averaged over cross-section of column (g/cm3)
c(t,;r) = Concentration of solute in liquid film (g/cm®)
c(t) = Concentration of solute at column inlet (gfcm®)
c (&) = Concentration of solute in gas at liquid surface (O/cms)
c = Laplace transform of concentration
D, .= Diffusion coefficient of solute in carrier gas (cmz/‘sec)
"Dy = Diffusion coefficient of solute in liquid (cm?/sec)
D, = Axial dispersion coefficient for solute i n carrier gas (t'm'-/sec)
d = 2R, column diameter (cm) B : :
H = Height equivalent fo a. theoretical plate (cm)

5 I = Modified Bessel functions of ﬁrst kind |
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AR ,’— Term defined by egn. A-9 ‘
. Ko, KL = Modified Bessel functions of second kmd
"= Partition coefficient :

K’ ~ =2K§/R _

X = Term defined by egn. A—ll :

& . = Term defined by egn. 11

&, = Mass transfer coefficient (cm/sec)

L = Length of column (cm)

r = Uncoiled column length (cm)

m(z) = Unnormalized moment defined by eqn. 20
R-. = Column radius {cm)

R =R—6(cm)

R, = Resolution defined by egn. 40

= Term defined by egn. 13
= Term defined by eqn. 17
= Radial coordinate (cm)
‘= Input sample volume (cm?)
= Laplace transform variable of time (sec™!)
= Time (sec)
= Column cross-sectional average velocity (cm/sec)
= Term defined by egns. 26 and 27
= Term defined by eqns. 26 and 29
= Axial coordinate (cm)
= Term defined by eqn. 46
= Term defined by eqn. 46 with @ replaced by 48
= Term defined by eqn. 47
= Term defined by eqn. 47 with @, replaced by 48
= Coeflicient defined by egns. 25 and 26
== Liquid film thickness {cm}
= Quantity defined by eqn. 28
- = Coeflicient defined by eqn. 18
z) = WNormalized nth absolute moment (sec)
= Normalized second central moment (sec?)
= Kinematic viscosity {cm?/sec)
& = Quantity defined by eqn. 24
& = Quantity defined by eqns. A-16 and A-17
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The Laplace-transformed set of equations 1-9 for &(s,z) and &,(s,r) become

dz dé _ 2 - .
Dy —— dzz —V"E_-SC_TIC",(C_C’)=O
ZLTL i 'dCL s -0

E=2¢g,atz =20

(A-D

(A2)

(A-3)



e T Ak wb\xG VB 5 ’Mo{','é)Y R éc#msewsihi
emOatzme g
c;.-——Kc atf_=‘ R [T - »"‘,:(A-5) :

kg({.‘——c’,} = —DL—;’_i, ét.r= R’V'V : 'f} | o o (A-6)

and

7=0,-atr'=‘Rr . S e (A-7)

The squtlon of eqn A-2 thh boundary conditions A-6 and A—7 is expressed in terms‘ A
of Bessel functions I, I,, K, and K|, : ,

e =) ._‘f_i(_R«_/f/D_dm VS/DL)] s
Kl(Rvs/DL) o o '

A é;(r) =

‘\/DLSf

[et-v/3TD0) +
where | o
- 1, (RV5D) + I, (RV'5/D3) K, (R'aG/“EQ)/K, (R\GTD}) a9
By usé of eqn. A-5 the flux a,f. th; interface ‘becomes . “
k(c— é) = kg eV Dys Sk, % [K + VDgs f] S f | (A-10)
thre ) - . :
A — IRVSID) + LRVSD,) Ky (RVSID)IK, (RY5ID7) @y
Substituting eqn. A-11 into egn. A;I gives the_éfﬁerenﬁél eqﬁation o

=0 S A1)

where _
2k,
,R'(1 + k,T/K)

(A-13)
- with “
T=——‘*\,ID 'ff ’ N S DR

The solutlon of eqn. A-lZ thh boundary condmo-ls A-3 and Adis v
Hzs) = afyer Y T
where 7

P Gy

VIFADP] ~ & + 5 (orsmall sy (A1)
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wzth 51 deﬁued in. eqn 23 and o
.sz?'éK

&= fs L+ (,1“; IRfR')]z'% +RRY (A
i terms of o
s B (-2
o .)——123;;(1—%—)1#;%1:1(%—?—)
| —%}+—§§T’[1'—%] (A-18)

 Substitution of egn. A-16 into egn. A-15 evaluated at z — L yields after ex-
panding &(s) and the exponential,

=0) + ﬁ_ _d_f°_ (s=0)]

L) ~ [efs=0) + s 32 (s
[t +ssL+s (i L+ 6L (A19)
, Dividing eqn. A-19 by
g == & (s = 0) (A-20)
z;nd re-an;anging gives the Taylor series expansion
L s)mo ~ 1 — s si(L) + 5 spi(L) (Aa-21)
which with eqns. 19-22 yields the ;noment equations 23-29.

, When one carries out the operations to calculate the height equivalent to a
theoretical plate based on the definition eqn. 30, one obtains egns. 32-37 and

20K R 2RR' RR' &
=iz 1+ )\~ @ Lap, (1 — &)
R é R, 6 R 6
+ep; (U ) —1ep, (- R e (0 )
' L R? RR 8
~ a5, 7, (1- 7)) 4

‘When 6/R < 1 one can expand the functions In {1 = 6/R) and /(1 &= 6/R) up to
terms of order (6/R)3 and show that eqn. 38, identical to Golay’s* expression, is the
. result,
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